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Abstract—We consider the problem of decomposing the infor-
mation content of three jointly Gaussian random vectors us-
ing the partial information decomposition (PID) framework.
Barrett [1] previously characterized the Gaussian PID for a
scalar “source” or “message” in closed form—we extend this to
the case where the message is a vector. Specifically, we revisit
a connection between the notions of Blackwell sufficiency of
statistical experiments and stochastic degradedness of broadcast
channels, to provide a necessary and sufficient condition for the
existence of unique information in the fully multivariate Gaussian
PID. The condition we identify indicates that the closed form
PID for the scalar case rarely extends to the vector case. We
also provide a convex optimization approach for approximating
a PID in the vector case, analyze its properties, and evaluate it
empirically on randomly generated Gaussian systems.

I. INTRODUCTION

Partial information decompositions (PIDs) provide a frame-
work for characterizing the joint information content of three
or more random variables. The three-variable case is usually
discussed in terms of how the information about a “mes-
sage” variable, M, is decomposed between two others, X
and Y, and is hence commonly referred to as the bivariate
decomposition. More precisely, a bivariate PID decomposes
the mutual information between M and the pair (X,Y) into
four components: the information about M that is (i) unique to
X; (i) unique to Y'; (iii) redundant in both X and Y’; and (iv)
synergistic, i.e., cannot be obtained from X or Y individually,
but is present in their combination (X,Y’). Recently, several
competing definitions have emerged for unique, redundant and
synergistic information [2-7] (see [8] for a review). Some of
these definitions, which we believe are operationally better
motivated than others, have an important feature in common:
they satisfy a property we call the Blackwell criterion. This
property states that Y has no unique information about M if
and only if X is Blackwell sufficient for Y [9]. Informally, X
is said to be Blackwell sufficient for Y if, on average, one can
make better decisions about M (w.r.t. any loss function) by
observing X rather than Y.

This paper focuses on the bivariate PID for jointly Gaus-
sian random vectors M, X and Y. The Gaussian case was
previously examined by Barrett [1] for a few PID definitions
that satisfy the Blackwell criterion. Barrett showed that when
M is restricted to be scalar (while X and Y may be vectors),
either X or Y is always Blackwell sufficient for the other, and
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hence only one of them can have unique information about M.
Consequently, Barrett’s result provided a straightforward way
to compute the PID in closed form for scalar M. However,
the case of vector M has remained unresolved in the PID lit-
erature: (1) Under what conditions does Blackwell sufficiency
hold? and (2) How do we compute the PID when it does not?

Our work extends Barrett’s result to the case of fully
multivariate' Gaussian random variables, by characterizing
when Blackwell sufficiency holds and providing a convex
optimization framework for approximately computing the
Gaussian PID when it does not. Our first result emerges from
the observation that Blackwell sufficiency is equivalent to
stochastic degradedness of broadcast channels (an observation
also made by Raginsky [10]). We then draw on the results
of Gerdes et al. [11], who (building on prior work by Shang
and Poor [12]) provide a necessary and sufficient condition
for the stochastic degradedness of linear additive Gaussian-
noise MIMO broadcast channels. By extension, this is also a
necessary and sufficient condition for Blackwell sufficiency in
fully multivariate Gaussians. It should be noted that this result
was also shown much earlier in the statistical decision theory
literature using a different proof technique [13, Thm. 8.2.13].

Our central contribution in extending Barrett’s result lies,
therefore, in tying together disparate works from different
literatures and arriving at an implication for the Gaussian
PID that was hitherto unknown. Indeed, our work shows
that Barrett’s result is simply a partial extension of the well-
known fact that scalar Gaussian broadcast channels are always
stochastically degraded [14, Example 15.6.6].

Building on our characterization of Blackwell sufficiency,
we also propose a convex optimization framework for com-
puting a deficiency-based PID definition [5] for fully multi-
variate Gaussians. The notion of deficiency, first introduced by
Le Cam [15, 13], quantifies how far X is from being Blackwell
sufficient for Y, and so is a natural measure of unique
information in Y. We show that the deficiency computed using
our optimization framework satisfies some basic desirable
properties, a few of which we examine empirically.

We begin with a brief review of the basics of the PID,
the Blackwell criterion and broadcast channels (Section II).
We then state the equivalence of Blackwell sufficiency and

'We use the term “fully multivariate Gaussian PID” here to refer to
instances of a bivariate PID where M may also be a vector (in contrast
to Barrett’s work). This is not to be confused with multivariate PIDs, where
information about M is decomposed among more than two variables.
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stochastic degradedness and present our extension of Barrett’s
result characterizing the existence of unique information in
fully multivariate Gaussians (Section III). In Section IV, we
provide a convex optimization framework to approximate the
deficiency-based PID for multivariate Gaussians, and present
empirical results in Section V. We conclude with a discussion
of open questions in Section VI.

II. BACKGROUND
A. Partial Information Decomposition
Let M, X and Y be three random variables with sample
spaces M, X and Y respectively, and joint density Py;xy.
Williams and Beer [2] proposed the following general decom-
position for the bivariate case:

I(M; (X,Y)) =UIM: X\Y)+UIM:Y\ X)
+RI(M: X;Y)+ SI(M: X;Y),

where UI(M: X\Y) > 0 is the information about M
uniquely present in X and not in Y, while RI(M : X;Y) >0
and SI(M: X;Y) > 0 are respectively the redundant and
synergistic information about M contained between X and Y.
For ease of notation, we will interchangeably represent these

PID quantities as Ulx, Uly, RI, and ST respectively. Such
a decomposition should also satisfy

I(M;X)=UI(M:X\Y)+RI(M:X;Y), (2
I(M;Y)=UI(M:Y\X)+RI(M:X;Y). (3

D

Based on these three equations, defining any one of the
four quantities in the RHS of (1) suffices to determine the
other three. For instance, Williams and Beer [2] proposed the
following definition for redundancy.

Definition 1 (MMI-PID [2]). Williams and Beer proposed
that the redundant information about M present in both X
and 'Y be given be the Minimum of their respective Mutual
Informations with M (hence “MMI”):

Rhy(M : X;Y) = min{I(M; X), [(M;Y)}. (4

The above definition, with equations (1)—(3), fully determines
the MMI-PID, i.e., UIMM[(MZ X\Y), UIMM](MS Y\X), and
SIymi(M: X;Y) are now well-defined.

B. Blackwell Sufficiency and the Blackwell Criterion

Before stating the two other PID definitions we refer to in
this paper, we introduce the notion of Blackwell sufficiency,
which forms the operational basis motivating these definitions.
The original definition of Blackwell sufficiency [9] was based
on statistical decision theory, addressing whether or not it is
possible to attain the same risk by making decisions based on
one experiment as with another. For simplicity, we present an
equivalent [9] notion of Blackwell sufficiency, which is more
amenable to our setup here.

Definition 2 (Blackwell sufficiency: =,s). We say that a
channel Px|j; is Blackwell sufficient for another channel
Py (denoted X =y Y) if 3 Py x € C(Y | X) such that

Py x o Pxim = Py, &)

where C(Y|X) is the set of all channels from X to Y, and o
represents channel composition, i.e. YV m € M,y €Y,

(Pyrx © Pxjar)(ylm) £ /PY/\X(?J\%)PXW(SCW) dz. (6)

Intuitively, X ’=5; Y means that we can generate a new
random variable Y’ from X (using the stochastic transfor-
mation Py x) so that the effective channel from M to Y’
is equivalent to the original channel from M to Y. The rela-
tionship between Blackwell sufficiency and the remaining PID
definitions can be summarized by the following property [3]:

Property 1 (The Blackwell criterion). For a bivariate PID
of I(M; (X,Y)), Y has zero unique information about M
with respect to X if and only if X =y Y.

We now state two PID definitions given by Bertschinger
et al. [3] and Banerjee et al. [5], which have been shown to
satisfy the Blackwell criterion [3, 13] but quantify departures
from Blackwell sufficiency differently.’

Definition 3 (~-PID [3]). The unique information about
M present in X and not in'Y is given by

UI(M: X \Y)2 min Io(M; X |Y), (7)
QeAp
where Ap £ {Quxy @ Qux = Pux, Quy = Puy}
and Ig is the conditional mutual information over the joint
distribution Qnrxy .

Definition 4 (§-PID [5]). Let the (weighted output) defi-
ciency’ of X with respect to' Y about M be defined as*

§(M:Y\X) % inf Ep, [D(Py | PyixoPx)], 8
Py1jx €C(YIX)

Then, the deficiency-based redundant information about M
present in X and Y is given by

RI(M : X;Y) 2 min{I(M; X) —§(M : X \Y),
I(M;Y)—6(M: Y\ X)}.

As with the MMI-PID, equations (1)—(3) fully determine
the remaining components of the ~-PID and the §-PID. We
are now in a position to formally state Barrett’s result for the
PID of Gaussian random variables.

Theorem 1 (Barrett [1]). If M, X and Y are all jointly
Gaussian, and M is scalar, then we always have that either
X =m Y orY =y X. Therefore, the ~-PID (as well as the
PID of Harder et al. [4]) reduce to the MMI-PID.

We omit a proof of this theorem, since it is subsumed by
the extension derived in Section III.

(€))

280 far, PIDs have mostly been defined for discrete random variables.
Barrett [1] did not formally extend the PID definitions of other authors to
continuous variables even though he analyzed Gaussians. In the definitions
given here, we consider extensions to the continuous case, but relegate
a detailed discussion of measure-theoretic issues to future work. For our
purposes, we assume that all joint and conditional probability measures, as
well as information measures thereof, are well defined.

3There are many ways to define deficiency; Raginsky [10] provides a
number of these that consider the worst-case over M. We prefer an expectation
over M, since M is a random variable in our setup.

4The reason for this notation is that the deficiency of X w.r.t. Y translates
to the unique information present in Y and not in X.



C. Broadcast channels

To extend Barrett’s result to the case of fully multivariate
Gaussians, we leverage the connection between Blackwell suf-
ficiency and the concept of stochastic degradedness from the
literature on broadcast channels. Following Gerdes et al. [11],
we define stochastic degradedness as follows:

Definition 5 (Stochastic degradedness). We say that a chan-
nel Py is stochastically degraded with respect to another
channel Px\y; if there exists a random variable X' with
sample space X such that Px: = Px |y and M—X 'Y is
a Markov chain.

III. EXISTENCE OF UNIQUE INFORMATION IN
MULTIVARIATE GAUSSIANS

In this section, we show that the concepts of Blackwell
sufficiency and stochastic degradedness are identical (this
was also mentioned in passing by Raginsky [10]). We also
characterize a necessary and sufficient condition under which
stochastic degradedness (and hence Blackwell sufficiency)
holds for fully multivariate Gaussians. Let the sample spaces
of M, X and Y respectively be M = R, X = R and
Y = R4, We parameterize the joint distribution Py;xy as:

M ~ Py = N(0,% ) (10)
X|M ~ Pxp = N(Hx M, $x) (11)
Y |M ~ Pyjp = N(Hy M, Sy) (12)

Here, the joint covariance matrix of M, X and Y is given by
3, and we do not assume that X | Y | M.

Remark 1. Without loss of generality, we assume that the
noise covariance matrices ¥ x and Xy are full rank. This can
always be done, since removing linearly dependent elements
within X and Y respectively has no effect on information-
theoretic relationships.

Lemma 2 (Equivalence of Blackwell sufficiency and
stochastic degradedness). Px|ns is Blackwell sufficient for
Py if and only if Py is stochastically degraded with
respect to Px |y

The proof is quite trivial and primarily involves juggling
notation, but is provided in Appendix A for completeness. In
fact, Cover and Thomas [14, Sec. 15.6.2] even define stochas-
tic degradedness similar to how we have defined Blackwell
sufficiency.

Before moving to the main result of this paper, it is worth
noting that Barrett’s result does not directly extend to the
case of jointly Gaussian variables when M is a vector. Barrett
appears to leave this as an open question [, end of Sec. IV-B],
but it can be answered with a simple counterexample:

Counterexample. Consider the case where M = [My, M5,
X =M and Y = My, with My, M, %S N(0,1). Intuitively,
X and Y each have an equal amount of unique information
about M, and one can show that this holds for the ~- and
0-PIDs. However, under the MMI-PID, X and Y have only
redundant and synergistic information and no unique infor-
mation. Therefore, PIDs that satisfy the Blackwell criterion do
not always reduce to the MMI-PID when M is a vector. [

Theorem 3. For jointly Gaussian random vectors M, X
and Y, X = Y if and only if HYY Y ' Hx = HEY S, Hy.

The proof of this result follows directly from the result
of Gerdes et al. [11], along with Lemma 2. In an effort to
present a self-contained record of proofs, we provide it in
Appendix B. The main result can be interpreted as follows: for
jointly Gaussian vectors M, X and Y, and a PID satisfying the
Blackwell criterion, X and Y both have unique information
about M unless the condition in Theorem 3 holds (in one
direction or the other). This is significant, as the condition
is fairly restrictive: when dx,dy < djs, the condition will
hold w.p. 0 assuming a continuous distribution over Hx and
Hy [11, Prop. 2]. Given that the MMI-PID assigns unique
information to only one of X or Y, it is clear that an alternative
approach to computing PIDs is needed when dj; > 1.

Remark 2. Since Xx and Xy are invertible (Remark 1),
we can equivalently write the condition in Theorem 3 using a
whitening transform:

~ e~ ~ o~ ~ _1 ~ _1
HYHx = H}Hy; Hx 2% >Hx, Hy £2%,>Hy (13)

Without loss of generality, we assume henceforth that H x and
Hy have been whitened, and hence ¥>x = >y = I.

IV. APPROXIMATING THE §-PID

Having established a complete characterization of when
unique information exists in the multivariate Gaussian setting,
we now seek to compute the 6-PID. This requires comput-
ing the weighted output deficiency given by (8), which is
challenging because it requires an optimization over all con-
tinuous conditional distributions Py/‘ x. Instead, we consider
the restricted problem where Py x lies in the set of linear
additive Gaussian noise channels Ce(Y | X) C C(Y | X). Then,
Py x can be parameterized in terms of its channel gain and
noise covariance matrices, 7' € R *Xdx gnd ¥, € Rédv Xdy
Y = 0, so that the Gaussian deficiency can be defined as:

inf
Py/‘XGCG(le)
1 2
o3| B 1A~ M, ] 19
+Tr (S + TExTT) 7 '2y)
S+ TEXTT| }
= =R L dy
Xy

Epy [D(Pya || Pyrjx o Pxjv)]  (14)

+ log

. 1 2

o3| B I s =M ] 10
+Tr (7 +TT7)7Y)

+log |2r +TTT| - dy],

where [|a||% £ aB~!a” is the squared Mahalanobis distance,

and (16) follows from Remark 2. Unfortunately, this problem
may not be convex since Tr (X7 + T77)~!) is the compo-
sition of a convex function (Tr ((-)~!')) with a non-monotonic
function of T'. Therefore, we propose a convex relaxation of
(14) to find an approximate minimizer Py x =N(TX,Xr).



To motivate the proposed relaxation, we note the deficiency
is bounded as 0 < dg(M : Y\ X) < I(M;Y) and target
our approach to recover the true deficiency when it takes
these extremal values. Letting Py, = N(T*X, ¥%) be the
minimizer of (14), we note that

T*Hx =Hy, Sp=1-T"T*" = §c(M:Y\X) = 0;
T*=0, X5 =I+Hy Xy HE = 0g(M:Y\X) = I(M;Y).

Intuitively, as the ability to construct a channel Py x o Px|ar
that replicates Py, diminishes (i.e. the deficiency approaches
the mutual information), we need to begin incorporating the
noise associated with theAmarginal distribAution Py in Xp.
Thus, given an estimated 7', we construct X7 as:

ET =1+ HySyHY - f([-l— HXEMH):?)T\T 17

The remaining problem is identifying a reasonable gain matrix
T for Py x. Since we cannot directly minimize the first term
in (16), we formulate a convex relaxation to approximate 7*:

~ . 2
T= argjrpln Ep,, [H(THX —HY)MHHHszHd (18)

s.t. YXr =0

with X7 as defined in (17) with T in place of T. The choice
to minimize the Mahalanobis distance w.r.t. I + Hy X HE is
motivated in the proof of Proposition 4 and is partially justified
by the empirical results in Section V, with further justifications
and/or demonstrations of optimality left for future work.

Having defined an approach for obtaining Py x, the result-
ing approximate deficiency is given by:

-~ 1 ~ 2
(SG(M 1Y \ X) é 5 |:EPM |:H(THX — HY)MHXAJT-‘rffT}
+ (S +TTT) 7Y
+log|Sp + TTT| — dy
R . (19)
It can be shown that X7 + TT7 is guaranteed to be
invertible when using the relaxation of (17) and (18). We
state this formally and prove it in Appendix C. Because
Py/‘X € Ca(Y|X) € C(Y|X), any method for obtaining 7
and ET will yield:

Sa(M:Y\X)>da(M:Y\X)>d(M:Y\X)

Now we provide conditions for when the estimate in (19)
coincides with the true deficiency:

Proposition 4. For jointly Gaussian random vectors M,
X and Y, the approximate deficiency defined by (17)—(19)
satisfies:

(20)

S(M:Y\X) =0 < dg(M:Y\X) =0 1)
S(M:Y\X)=I1(M;Y) = SG(M:Y\X) =I(M;Y) (22)
The proof is given in Appendix D. Plugging in gg into (9), we

obtain an approximation of RIs, and hence an approximation
of the §-PID, which we call the 5G PID:

RI(M:X;Y): IHIH{I(M;X)*(;(;(MZX\Y),

i (23)
I(M;Y) = b0a(M : Y\ X)}

For brevity, we use RI etc. when referring to the constituent
atoms of the (5G PID. As with other PIDs, RI paired with
equatlons (DH-(3) fully determmes the remaining atoms of the
6G PID: UT X, Ul y and SI. Conveniently, the inequalities in
(20) bound the approximated 6G PID by the true §-PID:

Proposition S. For joinily Gaussian random vectors M, X
and Y, the §G-PID imposes bounds on the §-PID:

RI(M:X;Y)<RI;(M:X;Y) (24)
UI(M:X\Y)>UIs(M:X\Y) (25)
UI(M:Y\X)>UIs(M:Y\ X) (26)
SI(M:X;Y)<SI§(M:X;Y) 27)

The proof follows directly by applying the inequality in (20)
to compare (9) and (23), and from the basic PID equations.
It is worth noting that this proposition holds for any T" and
Y7 = 0 (not just the minimizer of (18)), and is thus of limited
utility as a standalone result. For example, we could simply
define T = 0 and ET =1+ HyZMHy, and the proposi-
tion would recover trivial bounds implied by the basic PID
equations (RI;>0, Uls;x <I(M;X), Ulsy <I(M;Y),
and SIs;>I(M;(X,Y))—I(M;X)—1I1(M;Y)). However,
we believe Proposition 5 is worth stating for two reasons.
First, it highlights that our proposed approach is in some sense
complementary to the MMI-PID, as the MMI-PID recovers
trivial bounds in the opposite direction, i.e. upper bounds on
redundant and synergistic information and lower bounds on
unique information. Second, if the J5-PID is a valid PID
(i.e., if all atoms are non-negative and satisfy equations (1)-
(3)) then each atom of the §5-PID is bounded berween the
true §-PID and the ~-PID [3]. This is because the ~-PID
upper bounds the unique information and lower bounds the
redundant and synergistic information [3, Lemma 3] of every
other PID definition which satisfies a basic property’— one
that is satisfied by the 6G PID.° Unfortunately, proving that
the §G-PID is a valid PID requires proving that ST >0. We
have not been able to demonstrate this formally, but in the
following section we test it empirically.

V. EMPIRICAL RESULTS

Having established a framework for approximating the
0-PID, we seek to address three questions using simulations:
(Q1) Does 5(; vield a valid PID for jointly Gaussian systems?
(Q2) Is the 5(; PID consistent with the results of Barrett [1]
for the case of univariate M? (Q3) How does information
decompose in multivariate Gaussian systems?

To address these questions, we sample a random covariance
matrix ¥ € RY*? (where d = dy; + dx + dy) from a

S5This property, known as Assumption () in [3], requires that the redundant
and unique informations depend only on the marginal distribution Py, and
the channels Px 5 and Py 5. This is easily seen to be satisfied by the
4-PID, as well as the gg-PID.

This line of reasoning assumes that Lemma 3 from [3] holds for the ~-PID
defined for continuous random variables. This assumption was implicit in the
demonstration of Barrett’s central result in [1], but it has not been explicitly
verified to our knowledge.



standard Wishart distribution, which fully characterizes the
joint distribution Pp;xy. To see how the PID varies with
different dimensionalities dp;, dx, and dy, we sample them
using one of four sampling schemes:

(Sl) d]\/[ ~ Unif{l 10} and dX = dy = dM

(S2) dps ~ Unif{1...9} and dx,dy ~ Unlf{dM +1...10}
(53) d]y[ ~ Unlf{2 10} and dX7dy ~ Umf{l d]\/[ — 1}
(S4) dp; ~ Unif{2...9}, dx ~ Unif{l...dy — 1}, and

dy ~ Unif{dy +1...10}

Without loss of generality, we assume dx < dy (i.e. we switch
their values if dy < dx). For each of these sampling schemes,
we consider 20,000 samples of dps, dx, dy and %, yielding
80,000 total systems and PID approximations. Further details
on the implementation and experimental setup are provided in
Appendices E and F and all of the associated code is provided
at https://github.com/gabeschamberg/mvar-gauss-pid.

The first noteworthy result is that all of the approximated
PID quantities were non-negative for every sampled system.
This suggests an affirmative answer to (Q1), perhaps with the
exception of a zero-measure set of systems. Our results also
suggest an affirmative answer to (Q2), as every system for
which dp; = 1 (N = 4256) resulted in our approximation
assigning unique information to only one of X or Y.

To address (Q3), we visualize how the distribution of
unique, redundant, and synergistic information changes for the
different relationships between dj;, dx, and dy in Figure 1.
Given that the scale of the PID components varies with
I(M;(X,Y)), we consider normalized PID quantities U,
Uly, RI, and ST obtained by dividing the corresponding
approximate PID quantities by I(M;(X,Y)). Thus, these
normalized values are all non-negative and satisfy Ulx +
Uly + RI + SI = 1. In Figure 1 we represent each system
by its location on a 4-simplex characterizing the proportion of
I(M;(X,Y)) that is accounted for by each PID component.

Figure 1 provides numerous insights into the relative preva-
lence of the PID components in multivariate Gaussian systems.
First, synergy has a strong presence in all four panels. Synergy
appears to be most prevalent when dy; < dx,dy (S1 and
S2). This result is not entirely surprising—the prevalence of
synergy in systems where dj; = 1 was acknowledged by
Barrett [1]. Correspondingly, (S2), which gives the closest
multivariate analogue to the univariate case in the sense that
dy = 1 = dy < dx,dy, shows the largest synergy.
Redundancy is never particularly prevalent—this may be a
consequence of how we have drawn a random covariance
matrix, which reduces the likelihood that X and Y capture
similar “directions” of M. In other words, since each di-
mension of X and Y represents a linear combination of the
dimensions of M plus i.i.d. Gaussian noise (after whitening),
the redundant information loosely captures the extent to which
the measurement vectors associated with X are aligned with
those of Y. Under this interpretation, we would expect there
to be less alignment when there are fewer vectors (dx,dy
are small) of larger dimensionality (djs is large). That may
be why (S3) and (S4) have the least redundancy, since X has

Ul
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Fig. 1: Distribution of normalized unique, redundant, and synergistic infor-
mation for Gaussian systems sampled from the standard Wishart distribution:
S dy =dx =dy; (82) dy < dx < dy; (83) dx < dy < dpg; and
(84) dx < dpyr < dy. Top row: scatter plots of the computed Ul x, Uly,
RI and ST on the 4-simplex (3D views in Appendix G). Bottom row: box
plots showing the relative prevalence of each partial information atom.
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very few dimensions to begin with in both these cases. Finally,
because we have set dy > dx, we see that Y tends to have
more unique information than X. The only exception is that
of (S1), where dx = dy. Note how (S2) closely mimics the
scalar-M case, rarely exhibiting unique information in both X
and Y simultaneously. (S3) and (S4) have large amounts of
unique information in Y, since dj is large in both these cases,
implying that there are more dimensions of M that X and Y
might uniquely capture. This effect is particularly pronounced
in (S4), as Y has enough dimensions to capture M, while X
rarely captures any part of M uniquely.

VI. DISCUSSION AND OPEN QUESTIONS

The most important implication of Barrett’s work [1] was
that any PID satisfying the Blackwell criterion could be
easily computed for Gaussian distributions with scalar M. We
showed in Theorem 3 that this extends to vector M under a
specific condition. We also provided a means to approximate
the §-PID when the aforementioned condition does not hold.

While we believe that our proposed approximation provides
the best existing method for computing bounds on the PID in
multivariate Gaussian systems, there are shortcomings with the
proposed approach. Most importantly, we have not been able
to prove that our approximate PID is always non-negative. This
is not a huge issue in practice, as negative estimates of PID
quantities can be discarded and replaced by the bounds implied
by the basic PID equations. But proving that the d5-PID is a
valid PID could have implications for bounding it between the
~-PID and 4-PID. A second shortcoming is that the dg-PID
is not guaranteed to satisfy the Blackwell criterion as a result
of not having an upper bound on the approximate deficiency.
The simulation results are favorable for both of these issues,
but formal proofs are still desirable.

A number of questions regarding the computation of defi-
ciency remain, including whether it can be computed exactly
and conditions under which (8) and (14) are equivalent.
Applying the d5-PID in practice also requires studying its
statistical properties when estimating covariances from data
and providing statements of confidence. Finally, another fu-
ture direction involves extending Blackwell sufficiency from
Gaussian channels to general continuous channels [16].
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APPENDIX A
PROOF OF LEMMA 2

Proof of Lemma 2. Throughout this proof, we drop the
arguments of probability distributions. When we equate two
distributions, we mean that they are identical at all points in
their shared domain.

(<=) Suppose Py |y is stochastically degraded w.r.t. Px|y;.
Then, 3 X’ such that

Px v = Pxyn and Py xrar = Py x' Pxoju- (28)
Let Py/|x £ Py|x. Then, (28) implies that
Py xPx\m = Py x Px/|m- (29)
Therefore,
/PY/\XPX|MdfC= /PY|X/PX’|JVId5U (30)
:/PYX’\de = Pyu, (31)

which proves that P/, is Blackwell sufficient for Py ;.

(=) Suppose Pxar is Blackwell sufficient for Py|ys. Then,
| Py/lX such that

/PY/|XPX\M dr = Py |- (32)

In other words,
PY’|M = Py“\/[ and hence PYIM = PY]M~ (33)

Let X’ be defined through a stochastic transformation of Y
and M: Px/y p(z]y, m) £ Pxyyu(zlym)Vee X, yeY,
m € M. Then, using (33), we find

Pxiym = PxryymPym (34)
= Pxiy'mPy'm = Pxy'm- (35)
This in turn implies
(a)
Pxyim = Pxyym = PyxPxm (36)
(b)
= Py x'Pxi\u, (37)

which proves that M—X'—Y is a Markov chain. In the above
equation, (a) follows from how Py x is defined, while (b)
follows from (35). O]

APPENDIX B
PROOF OF THEOREM 3

Before proceeding to the proof, we introduce a lemma
borrowed from Shang and Poor [12, Lemma 5] that provides
an equivalent characterization of the condition in Theorem 3.

Lemma 6. The condition HL X' Hx = HEY ' Hy holds
if and only if

3T st Hy =THx and TExTT x%y.  (38)
Proof. Consider the whitened form of the channels:
Hx 2 S Hyx, Hy 25,7 Hy. (39)

Then, we need to show ﬁ%ﬁ X = ﬁgﬁy if and only if

3T st Hy=THx and TTT <1 (40)
The remainder of the proof follows from [12, Lemma 5]. [
Proof of Theorem 3. This proof is derived in large part
from the work of Gerdes et al. [11].
(<) Suppose that H)T(Z;HX = H}:,;Z;/]'Hy. Then, by
Lemma 6, 3 T such that Hy = THx and T xTT < Zy. In

other words, we may write
Y'=TX + N, 41)

where N ~ N(0, ¥7), with ©7 2 Sy TS xT7 (the fact that
TYxTT < Ty ensures that X is positive semidefinite, and
hence a valid covariance matrix). Therefore, 3 Y’ generated
by a stochastic transformation Py \x = N(TX, Xr), such
that

Pyiy =N(THxM, TExT" + $7)
=N(Hy M, Xy) = Py|u.

(42)
(43)

Hence, by Definition 2, X =, Y.
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(=) Next, suppose that X =5 Y. Then, 3 Y’ generated
by PY’|X7 such that PY’\M = Py‘]w. Since M—X—Y"' is a
Markov chain,

()

100:x) S 1oy 2 1y, (44)

where (a) follows from the Data Processing Inequality [14,
Ch. 2], and (b) follows because Py:py = Pyp. For a
Gaussian channel Px)ps, the mutual information is given
by [14, Thm. 8.4.1]

I(M; X)=h(X)—h(X|M) (45)
1
=3 log|(2me)(Xx + HXEMH;‘GH
1
~5 log|2meX x| (46)
1 h)) HxX)yHEY
2 X x|
1 x|l + 3 Hx Sy HY
:log(| x4+ 2y HxBu X') (48)
2 x|
1 -1 T

Now, suppose for the sake of contradiction that H% E;(l Hx #
HIY, ' Hy. Then, by the definition of positive semidefinite-
ness, 3 ¢ € R4 guch that

THYS Y Hxe < c"HY Sy Hyc. (50)

Since log|I + AB| = () is an increasing
function, and the determinant of a scalar is equal to itself, we
have that

log|l + " HEY  Hxe| < log|l + " HE S Hy e (51)
= log|l + S Hxec' HY| < log|I + %3 Hycc" HY| (52)

Now, since cc? 3= 0, it is a valid covariance matrix. So if we

set X = el we get
I(M; X) =log|l + S5 ' Hx Sy HY | (53)
< log|I + E;lHYEMHa (54)
— I(M;Y). (55)

However, this contradicts (44), which holds no matter what
Yar is. Therefore, we must have that H)T(Z;{IH x =
HIY ' Hy. O

APPENDIX C
THE APPROXIMATE DEFICIENCY IS WELL DEFINED

Lemma 7. For jointly Gaussian random vectors M, X and
Y satisfying the assumption in Remark 1, T and X1 as defined
by (17) and (18) yield an approximate deficiency 5@(M Y\
X) that is well defined, i.e. the covariance matrix X + TTT
for the composite channel Py x o Px|y is invertible.

Proof. We knoy thatAfAJT = 0 by virtue of the constraint in
(18) and thus ¥7 + TT7T = 0 as well. For ease of notation,
let A £ HySyHE and B £ HxYy HL. Assume for a

contradiction that EA]T +TT7 is rank deficient. This implies
that there exists a vector v # 0 such that:

UT(ET + ffT)v =TT+ A- foT)v =

= 0T (I + Ao = T (TBT v

W (TTW)TB(TTv) > 0

= Ty #0
where (a) follows from A = (HyZXI%)(HyE;M%)T = A=
0. But since ZT > 0, we have:

vTiTU >0
= JTEr+ JA“ZA“T)v oT(TT Y0 >0
= oTTT v = || TT 0|3 < 0.

which is a contradiction since T7v # 0 = ||T7v||2 > 0. O

APPENDIX D
PROOF OF PROPOSITION 4

For ease of notation, we omit (M : Y\ X) and refer simply
to dg, d¢c, and 6*

(0 = 0 = dg = 0) It was shown by Torgersen [I13,
Theorem 8.2.13] that § = 0 = 0c = 0, thus it suffices
to show that ¢ = 0 = dg = 0. When dg is well-
defined, we know that X7 + TT7T = 0 is invertible and thus
Sr+TTT, (S7+TTT)~! = 0. This implies that the first term
of (16) is greater than zero unless (T'"Hx — Hy )M = 0. Thus
de = 0 implies that (THx — Hy )M = 0 almost everywhere
in M, i.e. that there exists a 7™ such that T*"Hx = Hy.
Thus, we also know that the objective function in (18) is
minimized by 7" = T™*. To show that T is in the feasible
set, we note that g = 0 implies that there exists a 37, = 0
such that ¥4 + T*T*" = I = T — T*T*" = 0. As such,
when T' = T* we have that X = [ + Hy Sy HE — T*(1 +
HxSyHQ)T =1-TT*" =%,

0=0<« 5G = 0) This follows from 5(; >6>0.

(6 = I(M;Y) é(SG _IMY))NotethatlfT_O
we have ET =1+ HyEMHY = PY’|X OPX|M =Py =
6G = I(M;Y). As such, it suffices to show that 6 = I(M;Y)
implies that the objective function in (18) is minimized at
T = 0. Suppose for a contradiction that there exists a 1" such
that:

|(THx — Hy)MI3| < Ep,, [[HMA]  (56)
with A I + HyY ) HYE giving the marginal covariance
matrix for Y (i.e. Py = N(0, A)). This implies that

Ep,, [I(\THx — Hy)MI3] < Ep, [IHyMI3]  $7)

for any A € (0,1). The implication follows from the convexity
of the Mahalanobis distance, noting that AXT" = AT'+ (1 —\)0.
As such, we can assume without loss of generality that T" can
be chosen such that (56) holds and 7 £ A — TT7 is PSD.



Defining ]Sy/|X = /\/'(TVX7 §~]T), we note that ﬁy/‘X oPx|n =
N(THxM,A). As such:

Ep,, [D(PY|M||15Y’|X o PX\M)} - I(M;Y)
= Epy, [D(PyiarlPyrjx © Pxjar) = D(Py [ Py)]
—Ep,, [(THx = Hy)M|I%) — En,, [I1Hy MI3] <.
But since ﬁy/p{ € Ca(Y | X), we have:

dg < Ep,, [D(PY|M||]5Y’|X o PX\M)} <I(M;Y) <4,
(58)
which is a contradiction. O
APPENDIX E
DETAILS ON CVX IMPLEMENTATION

We briefly discuss how to reformulate the optimization
problem in (18) such that it satisfies the disciplined convex
programming (DCP) rules and can be solved using the CVX
software package. First we note that the objective function can
be rewritten using the trace trick. Letting A = I + Hy % MH%
for ease of notation:

Ep,, [[(THx — Hy)M|[%]
=Ep, [MT(THx — Hy)"A""(THx — Hy ) M|
=Ep, [Tr (M"(THx — Hy)" A""(THx — Hy)M)]
=Ep, [Tr (MM"(THx — Hy)" A" (THx — Hy))]
=Tr (Sn(THx — Hy)" A" (THx — Hy))
1 1 1 1
=|[AT*THxY}, — A2 Hy S |I%
where ||-||% is the squared Frobenius norm. Next, the constraint
can be rewritten using the Schur complement [17]:
I+ HySyHY —T(I+ HxSy Hy)TT = 0

T
I+ HyXyHE T
T (I—I—HXZMH)T()_l

Combining the two, we obtain the problem in a form that can
solved directly by CVX:

=0

T = argmin ||A7%THXE?\/[ - Ai%HYE?\/[H%“
T

¢ I+HYZMH§C T <0
st 7T (I+HxSyHL)™H ™
(59)
APPENDIX F

STEP-BY-STEP EXPERIMENTAL PROCEDURE

1) Sample dys, dx, dy according one of (S1)—(S4).

2) Sample a covariance matrix ¥ € R4¥¢ (where d = dj; +
dx + dy) from a standard Wishart distribution.

3) Compute I(M;(X,Y)), I(M;X), and I(M;Y).

4) Compute conditional mean and covariances and whiten
to obtain Hx, Hy, and Z/;\(:Zy:I. N

5) Estimate the deficiencies dg(M : Y \ X) and dg(M :
X\Y), using the the Python CVX package to solve (59).

6) Compute the approximate J-PID atoms.
7) Check if RI and ST are non-negative.
8) If dyy = 1, check if either Ul x =~ 0 or Uly = 0.



APPENDIX G
3-DIMENSIONAL SIMPLEX VIEWS

Fig. 2: Alternative views of Figure 1. Each row displays one of the four sampling schemes, and each column provides a rotated view of the simplex.
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